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PACS 7 3 . 4 3 . - f - Fractional quantum Hall effect 

PACS 73.40. Hm — Quantum Hall effect (integer and fractional) 

PACS 73.43.Qt - Magnetoresiatnce 

^"Y PACS 72. 20. My - Hall effect in semiconductors 

Abstract -A novel model of complex quantum harmonic oscillator is found to account for the observed Frac- 
tional quantum Hall effect (FQHE). The sequences of the observed FQHE conductivity and charge are ex- 
t***'* ' plained. The two sequences are found to express a quantity and its complex conjugated partner. The oscillator 

is found to have two degenerates states, i//„, with angular momenta ±nJi, where h = 2nTi is the Planck's con- 
stant, and n is the principal quantum number of the oscillator. The filling factor, i, that Klitzing has found for 
(-H ' the integer quantum Hall effect (IQHE) is i = n + 1. Analytical expressions for longitudinal resistance and 

Hall's voltage are obtained. The width of the plateau between two states is found to be AB = ■ ' "" 
n s is the electron number density. 

cr 



£NJ \ Introduction. - A classical Hall effect was introduced by Edwin Hall in 1879 to account for 

the accumulation of charges when a transverse magnetic field is applied to a conductor 0]. As a 
result a transverse (Hall) resistance and voltage are then developed. This effect was later observed 
for semiconductors. The resistivity (conductivity) is found to vary with the applied magnetic field. A 

f-^ quantum Hall effect is however present at high magnetic field. In such situations a series of plateaus 

form in the Hall conductivity that are multiples of e 2 /h, where e and h are the electronic charge 
and Planck's constant |2j. A fractional quantum Hall effect (FQHE) is observed when the Hall con- 

£»o . ductivity of 2D electrons gas shows a quantized plateaus at fractional values multiple of e 2 /h (3). 

Each particular value of the magnetic field corresponds to a filling factor (the ratio of electrons to 
magnetic flux quanta), v = p/q, where p is an integer, and q is an odd integer. This effect occurs at 
high magnetic field and low temperature. This behavior is found to be a manifestation of a collective 

/\i . state where electrons bind magnetic flux lines to make new quasiparticles (excitations) J4). These 

excitations have a fractional elementary charge that is supposed to obey some fractional statistics 
(5). The FQHE was experimentally discovered by Daniel Tsui and Horst Stormer, in experiments 
performed on gallium arsenide heterostructures developed by Arthur Gossard Tsui, Stormer, and 
Laughlin J3|. Fractionally charged quasiparticles are neither bosons nor fermions and exhibit any- 
onic statistics JSJ. Laughlin proposed trial wave functions for the ground state at fraction of 1/q, 
as well as, its quasiparticle and quasihole excitations. These excitations have fractional charge of 
magnitude e* - e/q. The most probable theory to explain the fractional quantum Hall effect is the 
composite fermion model introduced by Jain @. 

Alkane |7] and later Haltering j8] proposed a hierarchy scheme to explain the observed filling 
fractions not occurring at the Laughlin states j4]. They have shown that starting with the Laugh- 
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lin states, new states at different fillings can be formed by condensing quasiparticles into their own 
Laughlin states. The new states and their fillings are constrained by the fractional statistics of the 
quasiparticles J5]. In this manner, all hierarchy of states covering all the odd-denominator filling 
fractions is produced. Furthermore, a composite fermions model was proposed by Jain |5), and 
extended by Haltering et al. J5]|9). This is based on the idea that composite fermions are formed 
from integer-charged quasiparticles as a result of the repulsive interactions, where two vortices are 
captured by each electron. Composite fermions have been observed, and the theory has been exper- 
imentally verified IfTOl . 

Thus, the composite fermion model provides a complementary description of the Laughlin and 
hierarchy states [8 1. It gives trial wave functions which, though not identical to those produced from 
the hierarchy picture, are in the same universality class, as shown by Read J9|. 

We provide in this paper a new formulation to explain the fractional quantum Hall effect. This 
model can be compared with the composite model of Jain |'5|. To this aim, we employ a complex 
harmonic oscillator which is equivalent to a two dimensional harmonic oscillator IfTTI . In this for- 
mulation each oscillator (particle) is represented by four virtual states in the complex plane. These 
are performed by continuous reflection and rotation of a given point in the complex plane. Thus, 
a given particle is represented by a quartet of virtual particles. The states describing the oscillator 
are degenerate but with different angular momenta, viz., ±nn. We call these two states the conjugate 
states. The two observed series in the fractional quantized Hall conductivity arises from these two 
degenerate states. 

Complex quantum Harmonic oscillator. - The Hamiltonian and the angular momentum of 
the complex quantum harmonic oscillator are hermitian (real), i.e., H, - H, and L, - L z . The 
Hamiltonian of the 2-dimensional system is given by IfTTI 

H tz = (a z a z + l)haj + a)L z , (1) 

where the number operator is 

N z = a z a z , (2) 

so that eq.(l) becomes 

H zz = (N z + Y)hco + a>L z . (3) 

The solution of Schrodinger equation yields two complex wavefunctions. These are defined by IfTTI 

^2n=C2nZ n e- a& , ^l n = Cyj.**** , (4) 

where C\ n , C2,, and a = ^ are constants. These two wavefunctions can be normalized as IfTTI 



I \iff2n(z,z)\ 2 dxdy= I \\p\„(z,z)\ 2 dxdy - 1 , 



C\ n - Cm - \ -z — r~ ' (5) 

\ 2nn\ 

where z - re' 6 , dxdy - rdrdO. 

The expectation values of the momentum in the state ifon are given by 

(2n - 1) . fiSw r(« + i) 
<p 7 >- h J — — , (6) 

and 

(2n + 1) ,. W7 I> + i) 

< p~ >— n ,/ — , (7) 

yz 2tt V f> T(n + 1) 

whereas the expectation values of the momentum in the states ij/\ n are given by 

(2« + 1) /W7 T{n + |) 
<P?>- n -,/ , (8) 
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and 

respectively. The eigen values of the angular momentum of the two states are nh and -nH, i.e., IfTTI 

L : tf/2„ - nh\p 2n , L z i//i„ - -nTixpxn . (10) 

We observe here that the complex harmonic oscillator is a quantum system where its energy as well 
as its angular momentum are quantized. We may associate the states, L, = nh and L~ - -nh, with 
a particle rotating clockwise and counterclockwise, respectively. Furthermore, notice from eqs.(6) - 
(9) that the < p z > of ty\ n is equal to - < p= > of if/2„ , and < p= > of ifr\„ is equal to - < p z > of fan . 
The two states iff\„ and t^2« are degenerate, since 

H z =t//2n — (n + l)hd>l{/2n, Hg lfrl n = (n + \)h UtijJln ■ (H) 

The maximum of the above squared wavefunction for any state («) occurs at (where z = re' e ) 

r 0n =J—rfi, n = 0,1,2,..- (12) 

V mat 

For landau level, i.e., the degenerate levels resulting from the energy spectrum of a charged particle 

moving in a constant magnetic field, the magnetic length is defined as, lg = J-^- - Jjg , where 

a> c - — is the cyclotron frequency of the electron 11131 . For this case, ro„ = V" fa- Moreover, the 
angular momentum of the classical cyclotron motion is, L c = mvr = eBr 2 . For the above maximum 
state, i.e., eq.(12), one has L c = nh. This agrees with the quantum value. 

Electric and magnetic properties of the oscillators. - Let us now define the xy currents (per 
unit length) in the state fan as IfTTI 

qh I dl[/ 2 n . dij/2n 

Jx - r — : Win—z Win— 7. — 

2mi \ ox ox 

qh 1 dif/ 2n . djff 2n \ 

Jy=^—.W2n-Z. fon-T- , (13) 

Lmi \ oy oy 



which yield 



2im 



Jx = -^-(z-z)C 2 \z\ 2n ~ 2 e 



j y = n ^ {z + - z)C \\z\ 2 »- 2 e-^\ (14) 

2m 



qh I- diflin dif/in 

Jx = =—. Win—?, iffln 



which yield 



and in the state \f/\ n as 

lmi \ ox ox 

qh I <9tAi„ d\j/i„\ 

J y = —.W\n-z ^in-7— . (15) 

2mi \ oy oy j 

Jx = -'^. (z - z) Cl\z\ 2 "- 2 e-^\ 
2im 

Jv ='^ iz + z) Cl\z\ 2 »- 2 e- 2 ^ 2 . (16) 

2m 

Thus, if the above particle (oscillator) is an electron, then 4q - e IfTTI . In terms of real coordinates, 

one has the corresponding currents in the states fan an d <Ai« . respectively, as 

J^-^CJS"- 1 e- 2ar2 sine, 
Am 
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and 



J y = ^ C? r 2 "- l e- 2a * cos 6 , (17) 

Am 

J^^Clr 2 "- 1 e- 2ar2 sin 0, 
Am 

J^^Clr 2 "-^- 2 "' 2 cos 6. (18) 

Am 

Thus, integrating eq.(17) yields the current moments along the x- and y- directions as 



l • 



neh imoj T(« + -) 
Ix = -~ — J-r- tt, 77 ,J y = 0,n = 0,l,2,--- . (19) 



2nm V fi r(w + 1) 
Hence, the current in the state tf/ 2n is 



l • 



J z , 2 „ = J, + i J y = -- J — - ' . (20) 

27rm \ n T(« + 1) 

Integrating eq.(18) yields the current moments along the x- and y- directions as 

neh fmU T(n + \) 

I x - -. ,Z V = 0, n = 0, 1,2, • • • (21) 

2;rm V ti T(n + 1) ' y ' 

Hence, the current in the state ij/ ln is 

neh jmu) r(n + ^) 



J U „ = J, + / J v = -— — - — — ^- . (22) 

LTim v « T(« + 1) 

Hence, no current flow along the y-direction. This situation corresponds to the case of Hall effect 
HI. The current is confined to flow along the negative x-direction for a positive charge particle. 
This current can be particularly useful for the study of Hall current. It is interesting that the current 
along the x-axis is quantized and along the y-axis vanishes. Consequently, no current arises in the 
ground-state. However, unlike the real harmonic oscillator where the current density vanishes, the 
current density for a complex harmonic oscillator is generally non-zero. If the current in eq.(19) 
arises from quasielectrons, then the current in eq.(21) should arise from quasiholes. It is apparent 
that each of the two states has two currents (current and its complex conjugated partner), and hence 
show two conductivities. Thus, eqs.(6)- (9) will yield 



< Pz >\n 

J- z,2n = e 2n v, =^ i 2 „ = e 2 „ 
and 



I z,2n = e 2n \>z => I in = e 2n , e 2n = — — - e . (23) 

m In — 1 



IzM = e ln v z => I ln = e ln - , e ln = ^—^ e , (24) 

This implies that the effective electron (oscillator) charge, e, in a state if/ 2n will be e* 2n - 57^77 e an d 
in the state fa n will be e* ln - ^y e . Surprisingly, these are the same fractional charge observed in 
the fractional quantum Hall effect (FQHE) 1H. The charges e* and e\ represent the charges of the 
quasiparticle in the two states, \l> 2n and i/f\„ , respectively. Laughlin proposed that the elementary ex- 
citations of the FQHE state carry fractional charge 0. These fractional charges are those associated 
with particle excitations (quasiparticles). For « = 1,2,3,4-- •, one has the two conjugated series: 
i I, I , I • • • and 1, 1, 1, =,-••, respectively. It is interesting to notice that the overlap between any 
two adjacent states, one with iffi„ and other with fan+i, produces an electron iTTTI . An oscillation in 
the conductivity of a material that occurs at low temperatures in the presence of very intense mag- 
netic fields is known as Shubnikov de Haas effect (ShdH) which is a macroscopic manifestation of 
the inherent quantum mechanical nature of matter ifPJI . Thus, the free electrons in the conduction 
band of a metal, or narrow band gap semiconductor at very low temperatures and high magnetic 
fields, behave like simple harmonic oscillators. 
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The Hall conductivity, current, mobility and voltage. - The Hall resistivity of N electrons 
arising from the state 4>2n, and i/q„, Rh = j- , can be written as 



/, 



= E y W = Vx BLW = v z BA y.fo 
zlM NI Xi2n NI x , 2n L NI : , 2 „ NI zM ' 



and 

E y W v x BLW v z BA v z tf> B 



NI xM NI xM L NI zM NI zM ' 

where A - LW is the area of the sample, J Z 2« = h,2nL , and fig = BA is the magnetic flux. 

The electronic current for a system of N electrons in the state ij/\ n , as evident from eq.(20), will 
be 

n s ehW [mcJ T{n + \) 

h,\n = -z J — , (26) 

In m y n 1 («) 

where n s is the two dimensional electronic density. Notice that the current in the state ij/\ n is equal 
to 4i,z = -Ini,z ■ Equation (26) can be written as 

Ima) T(« + 9) elm* 

h,m = I W J- -— 2- , /„ = — -i . (27) 

V n T(n) 27TOT 

The current Iq is the characteristic (minimum) current resulted when the width of the sample is equal 

to the characteristic (magnetic) radius, ( B — Jjg, when a magnetic field is applied. For a typical 

sample n s ~ 10 15 m~ 2 , we find that Iq ~ 3 11A . For B ~ 1 T , and W ~ 1 nm , we see that /, ~ In A, 
and for W ~ lfim, one finds I z ~ 1/iA . 

In two dimensions, the transverse resistance and transverse (R xv ) resistivity (p AV ), longitudinal 
resistance (magnetoresistance) (R xx ), longitudinal resistivity (p xx ) are related by 

W 

Rxy = Pxy , Pxx = y Rxx ■ (28) 

Applying eqs.(23) and (24) in (25), the Hall conductivity, crxv = l/pxy = ^/Rz,h, in the two states, 
if/2n and t]/\„, are respectively, 

NI. - / - x -2 



(5^t)t- 



(30) 



! z,2n 

0".cy,2n - — 

V z ,2n<PB 

and the complex conjugate 

_ NI z ,i„ _/ n \ ej_ 
Xy ' " Vz,in4>B \2n+\) h 
where <pB = Ne/h is the flux quantum. One can accordingly define the conductivity cr z as 

o- z = (r X x + io- X y. (31) 

Similarly, the resistance can be expressed as 

R t = R„ + iR v . (32) 

This implies that the resistivity will be 

1 o-xx ■ °> . 

Pz = Pxx + iPxy = = -~ J- ~ I— — ■ (33) 



a- cr xx + cr xy o- xx + cri y 



This yields the two relations 



CTxx CTxy 

Pxx = — 2 — i . Pxy = — T • ( 34 ) 

cri r + o-- 
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Hence, when p xx vanishes, cr xx will vanish too, and p xy - —crj, . 

The combined Hall resistance in the two states, <p\„{+) and iff2ni~), is given by 

Rz,h = \ -r, (35) 

\ n J e l 

The longitudinal resistance (magnetoresistance) resulting from the state \fi\ n is given by 



2nmV x / H T(«) 

R xx = \ -^-r- (36) 

n s ehW Vmw T{n+\) 



From eqs.(28) and (36), the longitudinal resistivity reads 



2nmV x / h Y{n) 

Pxx 



n s ehL V ma> F(n + ±) 
Using eq.(27), eq.(36) can be written as 



xx hW Vmw r(n+i) 

Therefore, when V v ~ 1 mV , B ~ IT, and W ~ l«m , a resistance of 7? Al ~ 10 6 O will be produced. 
However, for V x ~ 1/xV, one has R xx ~ 1 kQ . 
The corresponding Hall mobility is given by 



2nfiL / ft r(n+|) 
mKj; y ma> 1 (« + 1) 

The above two equations can be combined to give the Hall mobility as 

Rh ria\ 

PxxHH = — • (39) 

One can now define the Hall voltage resulting from the state \j/\ n , i.e., Vh = I z Rh , as 

2n s ti 2 W [^ T(n + |) 

me V h 1 (« + 1) 

Using eq.(40), it is interesting to express the Hall's electric field as 

me V " 1 (n + 1) 
Using eq.(27) in eq.(41), one finds 



1 IhB T\n + |) 



in 



e h = - V— -ft— fr- T ^ = ^ = ^r- (42) 

Tj V e 1(«+1) nn s ZttIq 

In a real two - dimensional system, like 2-dimensional electron gas (2DEG), electrons are trapped in 
a thin layer (~ 10 nm) made at the interface between a semiconductor and an insulator, or between 
semiconductors. A typical device is the GaAs/GaAlAs heterostructure J4]. The transition occurs 
when the Landau level crosses the Fermi level. In this instant, one has 

6f — (n + \)Tiu) c , o) c — eB/m , (43) 

p-6 



A novel model for the fractional quantum Hall effect 



where in two-dimensions, the Fermi energy (ep) is given by (ignoring electron' spinjj 

2nft 2 n s 

e F = . (44) 

m 

Hence, under the application of the magnetic field, we obtain 

n= H 4-l, (45) 

eB 

where n is the principal quantum umber of the oscillator. Equation (45) shows clearly that not all 

magnetic fields can give rise to transition; only those which are compatible with eq.(45) are allowed. 

In general, eB/h < n s . One can now define the magnetic number density of electrons as, tib = eB/h. 

Thus, the 2DEG number density must exceed the magnetic number density, i.e., n s > n#. Hence, 

a magnetic field of 10 T requires n s > 2.4 x 10 15 m~ 2 before the quantization is observed. Notice 

that M must be an integer, i.e., ^ = i, where i is an integer. This is the condition (filling factor) 

that Klitzing has found for the quantized two-dimensional Hall's resistance (2). Hence, eq.(45) now 

reads that i = re + 1. Therefore, the filling factor / is a signature of the principal quantum number of 

the harmonic oscillator. 

The two-dimensional classical Hall's resistance is given by Rh - —,, which yields the quantum 

Hall's resistance Rh - A. Thus, the Hall's resistance in terms of the principal quantum number, «, 

is 

1 h 
R H = -— , n = 0,l,2,3,---. 

re + 1 e l 

Thus, no quantization can take place unless the magnetic field B — '^4- is reached. This quantiza- 
tion is exhibited in the longitudinal and transverse resistances pattern observed in the FQHE ||3|. 
However, other values of B lead to the plateau pattern. In these situations the Fermi level lies be- 
tween two Landau levels. It seems that the Hall's resistance is quantized whenever the Landau level 
crosses the Fermi level. It is apparent from eq.(45) that as the magnetic field starts to increase, the 
Landau energy levels sweep from infinity to the ground state. This sweep induces oscillations in the 
longitudinal resistance and resistivity. To this aim, R xx , //# and Vh can be evaluated for a 2DEG 
in conjunction with the condition in eq.(45). Notice that applying eq.(45) in eq.(35) implies that 
Rh — > 2h/e 2 as B — > , while Rh — > hje 2 as B — > oo . Therefore, the Klitzing resistance is reached 
(in the FQHE) when a very high magnetic field is applied. This shows that the higher states (Landau 
levels) cross the Fermi level first, and then follow the remaining lower states. 
The width of the plateau can be obtained from eq.(45), viz., 

Afi= — re = 1,2,3,"-. (46) 

n(n +1) e 

Hence, the width of the plateau between the ground state (re = 0) and the first excited state (n = 1) 
is %- , which is the maximum width. Apparently, the factor — is a measure of the plateau width. It 
is apparent that the width of the plateau is a decreasing function of the principal quantum number of 
the oscillator, n . 

Now the Hall's derivative with respect to the magnetic field can be obtained from eq.(35) em- 
ploying eq.(45), which is 

dR H _ 1 1 

~dB ~ ~~en~, (1 - «4)2 ' 

where + stands for i/^,, and \j/2„ , respectively. For a small magnetic field, the above equation reduces 
to the classical case, i.e., R H — > B/(n s e). However, for large magnetic field, c -j^- — > +(^-) 2 , i.e., as 
B — > oo, c -j^- — > 0, so that Rh will flatten. This would explain why we observe a plateau in the Hall's 
resistance. For small magnetic field, the above equation can be expressed as 



dR H 1 2eB 

~iw = — exp( — Tr>- 

aB e n s n s h 



3 In case of considering the electron's spin, n s — * n s /2. 
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To observe the temperature effect, we write the above equation as 

dR H 1 AE 7rh 2 n s 

■ exp(-- ) , AE — ft oj c , Th 



dB en s ksT kgin 

where Th is the transition temperature (Hall's temperature) from a given state to another, which is 
about few Kelvins for 2DEG. This shows clearly that the FQHE is a low temperature phenomenon. 
We can now relate this temperature to the Heisenberg's uncertainty relation, AEAt = h/2, where 
AE = IcbTh and At - t s . 

Symmetries of the FQHE. - We remark that there are two states in any energy level, these two 
states have different charges and hence different conductivities. I prefer to call the charges of these 
states [eqs.(23) & (24)] the conjugated charges, and the corresponding conductivities [eqs.(29) & 
(30)], the conjugated conductivities. Interestingly, these are the two observed sets of conductivity in 
the FQHE Q. The number of states within each Landau level (when is full) and the Hall conductivity 
are given by Nl - n B = ^ and cr„, = -^ , respectively |[T3l . Hence, combining eqs.(23) and (24) 
with (29) and (30) yields 

The ratio in eq.(47) defines the filling factor in the FQHE. Interestingly, if we now allow n — > -n, 
then e* 2n «-> e\ and cr„ % 2„ <-> o"v V ,i„. This means the two states if/y, and ifon> are (conjugate) compli- 
ment to each other. Thus, we can associate with this transformation, of one state into another, some 
physical symmetry (complementarity). Recall that the corresponding orbital angular momentum of 
the states, i/^n and iffi n , are respectively, nft and -nft. However, the two states have the same energy 
of (n + I) ft u>. They thus represent a bound (condense) particle. Therefore, in all states one has 
such a condensed state. Moreover, as n — > oo, e* — > ± e , in both states. Thus, the entire two 
dimensional oscillators (gas) is in a state of Bose-Einstein condensation at low temperature. 
One may consider some dual transformation where, n — > 1/n. Under this transformation, 

E„ L 

£„—>—, L — » - . (48) 

n n 

Thus, the dual transformation is equivalent to a scaling of energy and angular momentum. The 
conductivity in the two states, \fj\ n and \f/2 n , under the dual transformation will be 

1 \ e 1 ( 1 \ e 2 



respectively. Hence, the range of conductivity is enlarged. 

It seems that as the magnetic field increases and the temperature is lowered, electrons tend to 
form condensed states. The system will thus behave as a bosonic system. The electron can be formed 
from the supperposition of two quasiparticles states; one orbiting clockwise in a given state (n) and 
the other orbiting counterclockwise in the state next to it (« + 1). Thus, the electron wavefunction 
can be written as a superposition of the two states: if/2,, and ^i >n+ i , respectively. In such a case the 
electron will have a charge of e . In the FQHE the ratios ^y correspond to the filling factor 0). 

Let us now consider the effect of the transformation z — > e' e z (rotation of the complex co- 
ordinates) on the wavefunctions, ij/on and \j/\ n . Note that the Hamiltonian and the orbital angular 
momentum are invariant under this transformation. However, 

<A 2 „ -» e M ifr 2n , <A2i -» e-^Vn ■ (50) 

It seems that when the coordinates are rotated in certain direction, the state ij/on is rotated in the same 
direction whereas tf/\ n is rotated in the opposite direction. Thus, the wavefunctions preserve their 
states when rotated by the angles 

l = —N w , N w =0,±1,±2,±,--- , (51) 
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where N w is the number of windings. However, if we want to make the effect of rotation equal to 
reflection (where particles are exchanged), then the corresponding rotation angles are 

6 2 = - (2N W + 1) , N w =0,±1,±2,±,--- . (52) 

n 

We see that the ratio between the two above angles is j- = i N " +l ■ Since N w takes integer numbers, 
we may associate this ratio to the ratio of charges of the two states. This may explain the observed 
fractional parameter (v) in the FQHE [4|. 

Because of Pauli exclusion principle, fermions wavefunctions should be antisymmetric under 
the exchange of coordinates (particles). We remark here that, under the above transformations, the 
energy of the states doesn't change. 

In Aharonov-Bohm effect the complex phase of a charged (go) particle's wavefunction couples 
to the electromagnetic potential (A) fl4"l . Consequently, the particle's wavefunction experiences a 
phase shift as a result of the enclosed magnetic field (B) when passing around a long solenoid. Thus, 
an observable shift of the interference fringes will then occurs. The same phase effect is responsible 
for the quantized-flux requirement in superconducting loops. Thus the phase difference around a 
closed loop must be an integer multiple of 2n (with the charge for the electron Cooper pairs), and 
thus the flux 4>b must be a multiple of hj2e 1151 . The number of times the closed path encircles 
the solenoid is defined by a winding number which is a topological property of the space in which 
the charged particle moves. This amounts to say that the Aharonov - Bohm effect is a quantum 
mechanical topological effect. Accordingly, one has 

t f,^ e -) A -^ y % b = VxA. (53) 

Hence, the phase shift will be 

A l p=^, B = fXdl (54) 

This phase shift has been observed experimentally [16|. The two wavefunctions in eq.(51) interfere 
when one particle is rotating clockwise and the other counterclockwise. This may mimic the effect 
of the Aharonov - Bohm effect. 

If we now treat the transformation of the wavefunctions in eq.(52) as the on resulting from the 
rotation of the complex coordinates, i.e., as in eq.(23), then eq.(54) would imply 

e= q -^. (55) 

nn 

For a unit flux quantum, i.e., c/>b = h/e, one has 8 - ^|y. Hence, rotating the complex coordinates, 
which rotates the wavefunctions, is equivalent to introducing a gauge transformation. Hence, this 
usher to some kind of interaction between the oscillators and a photonic field described by A. For 
constructive interference (of the two states: ^i\ n and \j/2n), we have - 2nN w and hence 

h 2n±l h 

<Pb=N w —, 4>b = N w , N w = l,2,3,---. (56) 

qo n e 

This intriguing result shows that the magnetic flux is quantized. Furthermore, a flux quanta is asso- 
ciated with each charge (particle). It seems that the FQHE is not a mere quantum mechanical effect 
but rather a quantum electrodynamics one. Moreover, note that when two particle are (rotated) 
exchanged their wavefunctions acquire the Aharonov-Bohm phase 04). 
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